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Abstract
This thesis proposes a decentralized reward-based incentive mechanism to address
the problem of noncomplying subsidiaries when the parent company wish to meet its
targeted energy consumption level. Besides its effectiveness in ensuring compliance,
the proposed mechanism is advantageous as it is able to induce the optimal subsidiary
behavior that maximizes the company profit given a carefully chosen reward allocation
scheme. In addition, when the company is willing to trade part of its profit for an
operationally simple mechanism, simple uniform allocation scheme is highly effective
when the subsidiaries exhibit certain degree of symmetry.
The results above are drawn from our investigation on a more general model:
Cournot competition under a joint constraint. For this model, we study the equilib-
rium behavior under free competition and compare the profit and total surplus achieved
with the corresponding values when different levels of coordination are introduced in
the market (i.e., the Monopoly market and the society-wide coordinated market). We
establish tight upper bounds for the profit and total surplus loss due to lack of coor-
dination as functions of various market characteristics (i.e., number of firms, intensity
of competition and asymmetry between firms).
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1 Introduction
1.1 Motivation
In response to increasing social pressure, more and more companies, especially large corpo-
rations, are committed to energy consumption reduction goals as part of their Corporate
Social Responsibility (CSR) initiative. PepsiCo, for instance, has pledged to cut water con-
sumption by 20 percent, electricity by 20 percent and fuel by 25 percent by 2015. P&G also
announced plans to cut energy and water use by 20 percent by 2012 (see [4]).
In the long run, these consumption reduction targets encourage technology innovation,
and ultimately increase energy efficiency. In the short run, however, since the output level is
often directly linked to the energy consumption level, the limitations in energy consumption
effectively place a cap on the output level. This is often then translated into a series of
production quotas for subsidiaries or divisions within the parent company. This gives rise to
the typical 'principal-agent' problem where divisional managers deliberately overlook their
assigned quotas in order to achieve a higher divisional profit, especially when the burden of
over-consumption is not borne by each individual division or subsidiary.
The problem is further complicated when divisions compete with each other. In this
competitive setting, the demand of a particular division is adversely affected by the output
of other divisions. This could happen when divisions sell the same or slightly differentiated
products in the same market, (i.e. different brands of shampoo from P&G). In this setting,
the divisional goals of individual managers may differ significantly from the optimal strategy
for the company as a whole.
Since company-wide coordination is often operationally impossible or too costly, it is
necessary for the parent company to design alternative mechanisms to induce the 'optimal'
behavior of its divisional managers. That is, a total consumption level under the promised
energy reduction goal, and a distribution among divisions that maximizes the total profit
for the company.
One common approach to align the different incentives is to use financial compensation.
For example, since 2008, Intel has established an employee engagement mechanism where a
portion of each employee's variable compensation is dependent upon the company achieving
its environmental sustainability goals [1]. Similarly, Hilton Hotel successfully met its goal
of 5 percent reduction in energy consumption by tying the hotel general managers' annual
bonuses to the energy performance at each property [2].
However, despite its effectiveness in encouraging compliance, simple financial compensa-
tion does not guarantee the maximum profit for the company without the 'correct' quota
allocation. In this thesis, we study one possible reward-based mechanism to coordinate
the behavior of divisional managers. We show that with careful choice of parameters, this
mechanism is able to achieve the maximum profit for the company under the committed
energy/resources consumption reduction goal. In addition, it is possible to avoid the com-
plicated quota allocation process by using a simple (uniform) reward scheme if the company
is willing to sacrifice a certain degree of optimality for operational simplicity. We quantify
this sacrifice as the lower bound of the ratio between the profit achieved under the uniform
scheme and the maximum possible profit under company-wide coordination.
The results obtained for this proposed reward-based mechanism can also be interpreted
in the context of a more general problem: Cournot competition under a joint constraint
(We will further elaborate the connection between the two problems in Chapter 2). Cournot
(quantity) competition is often seen in industries where the output level could not be easily
adjusted in the short-run (i.e. the manufacturing industry). Under this setting, the decision
on output quantity is made first and the price is determined subsequently by the market
clearing price. As firms compete with each other, the selling price of a particular firm de-
creases when any of the firms in the market (itself or its competitors) increase their output
quantities. Equilibrium is reached when no firm can increase its profit by unilaterally chang-
ing its output quantity. Joint constraints arise when a common resource is shared among
the competing firms (i.e., when firms purchase raw material from the same supplier with
limited capacity). Compared to problems with disjoint constraints, the equilibrium behavior
is more complicated under joint constraints since every player's strategy must belong to the
feasible strategy space determined by its competitors. As a result, under this model, firms
influence each other through both the market price and the feasible strategy space.
A large part of this thesis is dedicated to investigate the effectiveness of the equilibrium
strategies for the model described above. More specifically, we compare the profit and
social surplus achieved under free competition with the values achieved when different levels
of coordination are introduced in the market. The losses of profit and total surplus are
quantified as functions of various market characteristics (i.e., number of firms, intensity of
competition and asymmetry between firms). In addition, we will look into the equilibrium
strategies themselves and explain the underlying rationale behind the discrepancies in price
and quantity.
1.2 Literature Review
Issues of coordination and efficiency have been studied extensively in the supply chain man-
agement literature. Since vertical or horizontal integration is not always possible, various
contracts have been designed with the aim of aligning different incentives and maximizing
the total profit for the supply chain. We refer the reader to Cachon and Lariviere (2005)
for a discussion on revenue-sharing contracts, and Cachon and Kok (2010) for a comparison
between different types of contracts.
Besides designing mechanisms to coordinate the system, a large body of research focused
on quantifying the loss of efficiency due to lack of coordination. The concept of 'Price of
Anarchy' was first introduced in Koutsoupias and Papadimitriou (1999) as the ratio between
the performance of the worst case Nash equilibrium and the performance of the coordinated
solution. This concept has been used extensively to quantify the loss of efficiency in trans-
portation networks (see Roughgarden and Tardos (2002), Roughgarden (2005) and Perakis
(2007)).
For the loss of efficiency in uncoordinated one-tier supply chains, two types of models
have been considered : Betrand (1883) competition where firms compete by setting prices,
and Cournot (1838) competition where firms decide the quantities they are willing to sell
and the selling price is then determined by the market clearing price. Loss of efficiency
under Betrand competition has been studied, in for example, Farahat and Perakis (2007),
Sun (2006) and Bernstein and Federgruen (2003). For Cournot competition models, Guo
and Yang (2005) studied the loss of social surplus when firms face no production constraints.
Kluberg and Perakis (2009) considered a model with general convex production constraints.
They provided upper bounds for the loss of total surplus and profit which depend only on
the number of competing firms and their market power.
The model studied in this thesis is different from the literature as it deals with Cournot
competition under a joint constraint. While competition in the unconstrained (or uncou-
pled constrained) models lead to the unique Nash-Equilibrium (where no firm can improve
its profit by unilaterally changing its strategy), competition under 'joint' or 'coupled' con-
straints belongs to the class of Generalized Nash-Equilibrium problems (GNEPs). The con-
cept of Generalized Nash-Equilibrium (GNE) (often referred to as pseudo-game or abstract
economy) was first formally introduced in Debreau (1952). It is a generalization of the Nash-
Equilibrium concept where the choice of an action by one player affects both the pay-off and
the domain of actions of other players. Under some convexity assumptions, GNEP can be re-
formulated as a 'constrained quasi-optimization problem' so that a point is a GNE if and only
if it is a solution of the corresponding quasi-variational inequality (see Bensoussan, 1974).
Unlike the class of Nash equilibrium problems, uniqueness of solution is rare for GNEPs.
Rosen (1965) introduced the notion of the normalized Nash-equilibrium as a special case of
the Generalized Nash-Equilibrium and provided conditions on its existence and uniqueness.
GNEPs have a wide application in modeling problems where a common resource is shared
by players (see for example, Pang et al. (2007) for an application to power allocation
problems in telecommunications, and Adida and Perakis (2009) for a model in dynamic
pricing and inventory management). We refer the reader to Facchinei and Kanzow (2007)
for a comprehensive survey on GNEPs.
The model considered in this thesis is closely related to the applications of GNE to the
environmental economics problems (see for example, Haurie and Krawczyk (1997), Krawczyk
(2000), Krawczyk and Uryasev (2000)). Breton et al. (2005) provided a game-theoretic in-
terpretation of a joint implementation mechanism of Kyoto's protocol where the restrictions
on the prescribed party emission reduction units (ERU) are modeled as joint constraints
faced by all participating countries. Krawczyk (2005) considered a river basin pollution
game where the regional government enforces compliance through Pigouvian taxes. This
model is similar to ours in terms of the discussion on the one-to-one correspondence between
a tax strategy and the equilibrium behavior. However, as most literature on GNEPs(see for
example, Morgan and Scalzo (2004), and Pang and Fukushima (2005)) , the focus of this
paper is on establishing conditions for existence and solution algorithms. The closest resem-
blance of our model is the environmental compliance problem studied in Tidball and Zaccour
(2005). Three different scenarios are analyzed and compared in their paper, namely, the non-
cooperative scenario where each player optimizes under a separate environmental constraint;
the cooperative scenario where coordination among players is introduced to optimize under a
single constraint on the total emission level; and the umbrella scenario where players remain
independent but face a joint constraint together. The utility functions considered are general
concave functions. However, additional assumptions were imposed in their model to ensure
the existence of an unique normalized Nash equilibrium, and the comparisons between differ-
ent scenarios are based on the total emissions levels only. This is different from the Cournot
competition model considered in this thesis as we allow the existence of multiple equilibria
and compare between scenarios where different levels of coordination (i.e., the Monopoly
market and the society-wide coordinated market) are introduced in the system. This thesis
also considers other issues, including how the equilibrium prices and quantities compare to
those in other settings (i.e., the Monopoly market and the society-wide coordinated market),
as well as the corresponding profits and social surpluses.
1.3 Main Contributions and Thesis Outline
The contributions of this research project are two-fold:
Firstly, we propose a decentralized reward-based incentive mechanism that is applicable
to companies with the goal of regulating the strategies of their subsidiaries under a pre-
committed energy consumption target. We demonstrate the equivalence of the proposed
scheme with a Cournot competition game under a joint constraint. To the best of our
knowledge, this is among the first attempts to utilize the abstract concept of Generalized
Nash-Equilibrium in a more practical setting;
Secondly, we quantified the loss of efficiency due to free competition in Oligopoly markets
as a function of market characteristics (i.e., number of firms, intensity of competition and
asymmetry between firms). The results obtained are new to the literature as the constraint
considered in our model is a joint constraint. Since the equilibrium strategies are not unique
in our model, we focused on two special equilibria: the worst Nash-Equilibrium and the
Normalized Nash-Equilibrium. In addition, for a market consisting of symmetric (identical)
firms, we characterized the worst and best Oligopoly equilibrium analytically at any fixed
capacity level and provided insights on the equilibrium prices and quantities.
This thesis is structured as follows: In Chapter 2, we first introduce the notations and
assumptions used throughout this thesis. We then present the mathematical formulation of a
reward-based incentive mechanism and show its equivalence to the general model of Cournot
competition under a joint constraint. In Chapter 3, we analyze the loss of profit and social
surplus for both the Worst Nash-Equilibrium and the Normalized Nash-Equilibrium under
the general model without any restrictions on the market characteristics. Chapter 4, 5 and
6 each presents a special case with various market characteristics: Chapter 4 considers a
market consisting of many symmetric firms. That is, firms have the same price potential
and are uniform in their abilities to influence their own selling prices as well as the prices of
their competitors; we then relax this assumption to consider firms with only symmetric price
potential and only symmetric price influence in Chapter 5 and Chapter 6, respectively. In
Chapter 7, we discuss the implications of the results obtained from Chapter 3 to Chapter 5 on
the proposed decentralized incentive-mechanism. Finally, Chapter 8 discusses the conclusions
of this thesis.
2 Model Description
Consider a company with n subsidiaries. The parent company is committed to a maximum
total energy consumption level, denoted by C. Each subsidiary sells a single differentiated
product targeting basically the same market. Assume that the n subsidiaries are the only
major players in the market and compete with each other through the quantities of the
products they are selling. The output level at each subsidiary is decided simultaneously and
independently by the subsidiary managers with the objective of maximizing the profit at the
subsidiary level. We use the vector d = (di, .., d,) to describe the subsidiary output levels,
where di denotes the quantity produced by subsidiary i.
It is a common practice in the industry (see [3]) that an Environmental Conservation
committee is established by the parent company to ensure the compliance with the committed
energy reduction target. The strategy employed by this independently funded committee is
to offer a financial reward to each subsidiary for a company-level total energy consumption
below the target. For each unit of energy consumption below the target C, the committee
offers a reward of p to the subsidiaries. Each subsidiary receives a portion of the reward
according to their weights in the allocation vector w = (w1, ... , wn) (Assume that wi > 0 and
E wi = 1.). That is, the unit reward received by subsidiary i is pw2. Since the Environmental
Conservation committee is usually also responsible for monitoring other energy reduction
activities within the company, it is of its interest to minimize the actual payout of the
reward without compromising its effectiveness.
2.1 Notations and Assumptions
The Cournot competition model considered in this thesis adopts the same set of assumptions
discussed in Kluberg and Perakis (2009), which is drawn from the traditional approach in
the literature (see Vives (2001), Chapter 6 for Cournot competition models).
* The Cournot (quantity) competition between subsidiaries is modeled by an affine price-
quantity relationship:
p(d) = Bd - Bd,
where B = M- 1 for some symmetric, strictly diagonally dominant M-matrix' M. That
is,
M11 -MA12
-Mni ...
... i-Mi.
-Mn(n-1) Mn
for some Mi, > E'i Mj for all i = 1, 2 .... , n, and Mi ;> 0, for all i, j = 1, 2, ..., n.
In addition, we use l to denote the
of B.
diagonal matrix containing the diagonal elements
" We refer to the vector p = Bd as the price potential since it represents the maximum
market prices of the products. The corresponding vector d are referred to as the
demand potential.
" Ignoring the production costs, the profits of the firms are the same as the revenues:
11(d) = dTp(d) = dT(p - Bd)
* The consumer surplus is computed using a quadratic utility function of a representative
consumer:
CS(d) = dT Bd2
(see Kluberg and Perakis(2009) for the derivation of consumer surplus).
'A matrix A is called an M-Matrix if A E Z,, and A is positive stable (if every eigenvalue has positive
real part), where Z,, = {A = [aij] E M,l(R) : aij < OVi # j, i, j = 1, 2, ..., n} (refer to Johnson (1982) for
properties of M-matrices).
M=
" Total social surplus considers the welfare of both the firms and the consumers. It is
the sum of firm profits and consumer surplus:
1TS(d) =I(d) + CS(d) = dT(p- -Bd)
2
" Market Power is defined as:
ri =_ Eji1 [0, 1), Vi = 1, 2, ... , n, and r = maxi ri.ZM
r measures the intensity of competition since when r -- 0, M is a diagonal matrix,
and the strategy of a particular firm have little influence over the strategy of other
firms; when r -+ 1, the total demand in the market remains constant regardless of the
market prices, suggesting a highly competitive market where the customers lost by a
particular firm following a price increase are captured entirely by its competitors. We
refer the reader to Kluberg and Perakis(2009) for a discussion on the market power.
" We further assume that the energy consumption level is linked directly to the output
quantity. As a result, the targeted energy consumption level is modeled as a constraint
on the sum of the total output:
eTd <C.
In addition, we formally present here the definitions of the Nash Equilibrium and the Gen-
eralized Nash Equilibrium:
Definition (Nash Equilibrium) A point is called a Nash Equilibrium if no player can improve
his utility function by unilaterally changing its strategy.
Definition (Generalized Nash Equilibrium) A point is called a Generalized Nash Equilib-
rium if no player can improve his utility function by unilaterally changing its strategy within
the feasible strategy space defined by the strategies of other players.
Note here that the Generalized Nash Equilibrium reduces to the standard Nash equilibrium
when the feasible strategy space do not depend on the rival players' strategies.
2.2 Reward-Based Incentive Mechanism
In this decentralized setting where the subsidiaries and the Environmental Conservation
committee all act according to their own interests, their behavior can be modeled through
the following bi-level game: the Environmental Conservation committee is the leader of the
game who anticipates each subsidiary's output quantity as a function of the reward allocation
vector w and unit reward p. Given a predetermined allocation scheme w, the Environmental
Conservation committee chooses the optimal unit reward p* in order to minimize the actual
payments of the reward:
n
pi* = argmin, p(C - (d(Ap))
i=1
n
s.t. (d*(p) < C
i= 1
;> 0
For subsidiary i, the problem is to choose the optimal strategy d* given the reward scheme
(w, P) and the strategies of other divisions d*i(p) 2 :
n
d ( p) argmaxdj>0 di - ( Bjjd;(p) - Bjjdj)
j~i
sales
n
+±Wij(c -1 Zd() - d)
j 7ti
compliance reward
Note that there are infinitely many possible reward allocation vectors w. For the rest
of this thesis, we refer to the particular allocation where wi = = = n= 1 as the
uniform reward allocation scheme.
2We use d-i to denote the vector resulted from removing the ith element from the vector d.
2.3 Cournot competition under a joint constraint
In this section, we introduce a more general model: Cournot competition under a joint
constraint.
In the absence of coordination, each firm chooses the optimal output level that maximizes
its profit. In addition, the strategy employed by each firm must lie inside the feasible strategy
space defined by the joint constraint on the total output:
dop = argmaxd II(di, df) (1)
s.t. di + E do < C
j54i
di 2 0
For the rest of this thesis, we refer to problem (1) as the Oligopoly problem, and use
S = {do0 } to denote the set of equilibria.
The KKT conditions of the above problem are:
p - (B+I')d0 -p+ A =0
eTdop <c
p(c- eTd) = 0
Aidop = 0 Vi = 1, 2, ..., n
A , pi 2 0, d 0
The solution to the Oligopoly problem is not unique since the multipliers Pi ( corresponding
to the joint constraint ) are not related to each other. However, if we specify the relationship
between these multipliers using a strictly positive vector w such that
P10
Pi = -, iZ ,.. n
Wi
for some yo > 0, then there exists a unique equilibrium. In particular, the solution corre-
sponding to the vector w with wi = W2 = ... = wn is called the Normalized Nash-Equilibrium.
A rigorous proof on the existence and uniqueness of the equilibrium corresponding to every
specified positive vector w can be found in Rosen(1965) (see Theorems 3 and 4).
2.4 Equivalence of the two models
Theorem 2.1 Every equilibrium strategy in the bi-level game belongs to the set of Oligopoly
equilibrium S. In particular, when the reward scheme w is uniform, the resulting equilibrium
strategy is the unique Normalized Nash Equilibrium.
Proof Given a reward-allocation scheme w, the output quantity for each subsidiary is a
function of the unit reward p given by:
n n
d( p) = argmaxdi, 0  di~p - ZBijd3( p) - Biidi) +wip(c - Zd (p) - di)
ii~i
Writing down the KKT conditions for the above problem, we have that
pI- Bijdj - 2Biid* - wip + Ai = 0
Aid* = 0 Vi = 1, 2, ... , n
Ai > 0, d* 2 0
p-(B + F)d* - w + A = 0
Aid= 0
A 2 0, d* 2 0
where w and A are vectors of wi and Ai for i = 1, 2, ..., n, respectively.
-> e Td* = eT(B + F) (p - pw + A)
= eT(B + F) (f + A) - eT(B + F)wp
Note here that eTd* is a continuous and decreasing function of p 3 . Hence given a fixed
consumption target C, we can always ensure compliance by using a sufficiently large unit
reward p.
3 This follows since eT (B + F)- 1 = eT B- B(B + F)-1 > 0
>0 >0
Now consider the problem faced by the Environmental Conservation committee:
minF(p)
s.t. eTd*(p) < C
where F(p) = p(C - eTd*(p)). F(p) > 0 for every feasible p.
" If eTd(0, w)) < C, then p = 0 is the optimal solution since F(O) = 0;
* If eTd(0, w)) > C, since eTd(p, w) is continuously decreasing in I, there exists a
strictly positive p* satisfying eTd(p*, w) = C. p* is the optimal solution since F(p*)
p*(C - eTd*(p)) = 0.
Summarizing the above discussions, the solution for the bi-level game is characterized by
- (B + F)d* p*w + A
p*(C - eTd*) = 0
eT d* < C
Aid- 0, di 0
p*2 0
p -(B+F)d p*w+A =0
p*wi(C - eT d*) = 0
eT d* < C
A>0
Ai =0, d* 2 0
p*2 0
since wi > 0 for i = 1, 2, ... , n.
pwi = f1i satisfies the KKT conditions for problem (1). In addition, when wi = --
w,, we have j 1  ... = p, which by definition, is the unique Normalized Nash-Equilibrium.
1
2.5 Company Objective
If company-wide coordination is possible, the optimal output level is the one that maximizes
the sum of all divisional profits under the committed energy consumption level. In the
=0
general Cournot Competition model, this corresponds to the Monopoly game when the n
firms are controlled by one single authority:
dMP - argmaxdd T (p - Bd) (2)
s.t. eTd < C
d > 0
For the rest of this thesis, we refer to the above optimization problem as the Monopoly
problem and use dMP to denote the corresponding optimal solution.
Theorem 2.2 When the constraint is active for the Monopoly problem (eTdMP = C), dMP
belongs to the set of equilibrium strategies of the Oligopoly problem S.
Proof To prove this theorem, we first show that when the constraint is active for the
Monopoly problem, it must be active for the Oligopoly problem as well.
This follows since in the unconstrained case, d0 p = (B + F)-'Ba and dMP _
eTdop eT(B + F)- 1 Ba
= e T(B + F)- 1(2B)a
2
> -e T(B + F)-1 (B + F)d
2
= eTa
SeT dMP
For every solution d0 p that belongs to the set of equilibrium strategies of the Oligopoly
problem, the following Quasi-Variational-Inequality holds (see Bensoussan (1974)):
(-pi + (B + F)jd 0 p) (d- - dp) ;> 0 Vdi E K(dp) (3)
where K(dRo) is the feasible strategy space for player i given the strategy dop of the other
players. Since the constraint is active for every oligopoly equilibrium, the feasible strategy
space is simply K(dop) {dildi + I> d9 < C d- > 0} {dI0 < di d}.
Let I = {ildp > 0}. From equation (3), we have
-Pi + (B + F)ido < 0, Vi E I.
On the other hand, dMP satisfies the following KKT conditions for problem (2):
For every i such that dMP
-p+2BdMP+,Ie-A= 0
p(C - eT dMP) 0
eTdMP <
p- > 0
Aidm' = 0, Ai 2 0, Vi =1, 2, ... ,rn
> 0, -p, + 2BidMP Ai 0.
-i + (B + F)idMP < -Pi + 2Bdmp
= 
-Pi
< 0
4 dMP G S
This implies that when the restriction on energy consumption decreases the maximum pos-
sible profit for the company (when the constraint is active for the Monopoly problem), with
a carefully chosen allocation scheme w, the reward-based incentive mechanism is able to
induce the optimal subsidiary strategy that minimizes this loss.
2.6 Social Objective
From the society's perspective, (that is, considering also the consumers' utility) the optimal
production quantity solves the following problem:
dSMAX = argmaXddT(p - Bd)
2
s.t. eTd < C
d > 0
For the rest of this thesis, we refer to the above optimization problem as the 'SMAX' problem
and use dSMAX to denote the corresponding optimal solution.
2.7 Existence and Uniqueness of Solutions
In our model, the price-quantity relationship is modeled through a linear function and an M
matrix so that the resulting expression for total social surplus and firm profit are concave
functions of the output quantity d. Hence both the SMAX problem and the Monopoly
problem are maximization problems of a concave function over a simplex constraint. The
existence and uniqueness of an optimal solution follow easily.
The existence of the set of equilibrium strategies for the Oligopoly problem and the
uniqueness of the Normalized Nash-Equilibrium follows from Rosen (1965).
3 General Case
In this chapter, we present some results that are applicable for the general model without
any assumptions on the market characteristics. To avoid confusion on notations, all results
from Chapter 3 to Chapter 6 are presented in the context of a Cournot competition model
under a joint constraint. We will discuss the implications of these results on the incentive
mechanism in Chapter 7.
Theorem 3.1 Without any constraint on the output quantity, competition among firms al-
ways results in an equilibrium strategy that is more beneficial to the consumers compared
with the case when firms are allowed to collude: CS(OP) CS(MP). Equality is achieved
when firms are independent.
Proof Refer to Appendix A.1.
Theorem 3.2 Without any constraint on the output quantity, the social surplus achieved un-
der free competition is always larger than the social surplus achieved in the monopoly market:
TS(OP) > TS(MP) = TS(SMAX). Equality is achieved when firms are independent.
Proof Refer to Appendix A.2.
This suggests that in the absence of production constraints, free competition is always pre-
ferred from the society's perspective. It is also interesting to notice that regardless of the
number of firms, the maximum loss in social surplus ( 25% ) is always achieveable when firms
have no influence over the price of their competitiors. In this case, the equilibrium strategy
coincides with the Monopoly strategy so that the firms are able to extract the maxmium
profit from consumers even in the decentralized setting.
The two theorems above are extensions of the results proven in Kluberg and Perakis
(2009) to the totally unconstrained case as we relaxed the restriction of d < d. It is also
shown in their paper that these results still hold in the constrained case when every firm faces
a single separate constraint. However, for the joint constraint considered in this thesis, these
results are no longer true as there will be multiple equilibrium strategies for the Oligopoly
problem when the constraint is active. In fact, as will be shown in the following chapters,
even for under the Normalized Nash-Equilibrium which is unique, the corresponding social
and consumer surplus could be less than the ones achieved when firms collude. In these cases,
colluding induces a more efficient allocation of scarce resource among firms which benefit
both the firms themselves and the society as a whole.
Theorem 3.3 When the joint constraint is active for the Oligopoly problem and the price
potentials are asymmetric across firms, there is no nontrivial constant upper bound on the
percentage loss in total surplus and profit for the worst equilibrium solution.
This result can be shown through the following example of duopoly competition:
SN= 2
* B= 3 ,for some #1 2 #2 > a > 0,
a #2
dod c = _1,for some do > 0.
do
-> 1=(#1 + a)do > (#2 + a)do = p2
when C < min P , ,2IP the optimal solution of the SMAX problem and the Monopoly
problem is given by (see Appendix A for the derivation of solutions for the duopoly problem)
dSMAX = dMP K I
0
On the other hand, consider one particular equilibrium for the Oligopoly problem: d"'
0 [ we have
c
r 2  #2 TS(d)worst  C(P2 - 2#2C) P2 2 +a r2 +1
ri #1 TS(SMAX) C(pi - jpiC)1 - #i+a ri+1
r2 B2 fl(d worst) C(p2 - 2C) P2 _ 2 +a _ r 2 +1
r1 81 ~l(MP) C(p - #1C)I - 1 1+a r 1 +1
Both the loss in total surplus ( 1 - TS(drsf) ) and loss in profit (1 - 1 ) goes ipTS(SMAX) r(P
to 100% as g - 0.ri
As shown in the example above, when the capacity constraint is extremely restrictive,
both the Monopoly solution and the SMAX solution will allocate all available capacities
to the most 'efficient' firms. However, the set of Oligopoly equilibrium solutions, in this
extreme case, encompass all feasible solutions. The maximum loss occurs when all capacities
are allocated to the least efficient firm.
Theorem 3.4 When the constraint is active for the Oligopoly problem, the loss in total
surplus for the Normalized Nash-Equilibrium is bounded by:
5TS(NNE) > -TS(MP)6
2
TS(MP) ;> -TS(SMAX)
3
5TS(NNE) > -TS(SMAX)
-9
Proof The results follow from Kluberg and Perakis (2009) since the Variational Inequality
(VI) formulation for the Normalized Nash-Equilibrium is the same as the VI for the disjoint
constraints. I
Although these bounds are derived on general convex feasible sets and are not tight for
the single constraint considered in our model, they do provide some insights on the distinct
feature of using the uniform reward allocation. As suggested in the theorem, while the loss
in total surplus for the worst Oligopoly equilibrium is unbounded, we are guaranteed a no
more than 44% loss for the Normalized Nash-Equilibrium.
4 Many Symmetric Firms
In this chapter, we consider the situation where n symmetric firms compete in the market.
By symmetry, we mean that firms have the same demand potential and are identical in their
abilities to influence the market prices.
4.1 Assumptions and Closed-form Solutions
* The demand potentials are symmetric across firms: d doe, for some do > 0;
" The assumption on symmetric price influence is reflected on the uniformity of matrix
B: holding the quantities of other firms constant, when firm i increases its quantity
by 1 unit, its own selling price decreases by Bei and the price of firm j decrease by
Bij (j / i). By assuming that firms are identical in their abilities to influence their
own selling price, we have that B11 = B22 = ... = Bij = #, for some # > 0. Similarly,
the assumption that firms are identical in their abilities to influence the prices of their
competitors implies Bi= a, for some 0 < a < # for all j i:
- - - -1
# a ... a M -m ... -m
B= =M-1=
a ... a 3 -m ... -m M
for some M > (n - 1)m > 0.
* p = Bd = poe, where po =(/ + (n - 1)a)do;
" Market power: r =(n-l)m (n-1)M -(n-2)a+$3
The closed-form solutions are summarized as follows: (refer to Appendix B for a proof)
dmi f n, 2(0+(n-1)a)
diMAX - min { O+(-1)a Vi = 1,2,- ,n.
dNE n 2+(n-1)a
Pn 1)e ,when 2 - < C.
eo 2/3±(n-1)crO+-n )a - _
jdl0 < di < P2"# , E di = C , otherwise.
When the capacity is restrictive, the Monopoly solution, SMAX solution and Normalized
Nash-equilibrium coincide: {d di = 2,Vi}. The set of Oligopoly Equilibria, on the other
hand, encompass all possible allocations when C < P.
4.2 Loss of efficiency
Theorem 4.1 For symmetric firms facing a single joint capacity constraint, the profit achieved
under free competition compared with the maximum possible profit achieved when firms col-
lude is characterized as follows:
1. When the capacity constraint is not active for both the Monopoly problem and the
Oligopoly problem (i.e., C > P ), then
II(Pp) 4(1+ _ ) 4
H(MP) (2+ 1i)2 - (n + 1)2'
The inequality is tight under intense competition (i.e., r -+ 1).
2. When the capacity constraint is active for both problems (i.e., C < 0 ), the
profit loss for the worst Oligopoly Equilibrium is no more than 50% percent:
1 1
1 1 > when P0 <C < PT_ > 20-o, 2f3-a
(n-1)( 1) 2- 2- 2#
fl (MP) -2 t j3 7n >~ when 0 <C < P
When C c , k =1, 2, ... n -1, tightness ofth bound isachieved whben
C -+0
When C ( 0k , tightness of the bound is achieved when C
The maximum profit loss of 50% is achieved when there exist numerous independent
firms (i.e., r - 0,n -+ o0).
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Figure 1: Profit loss for free competition under unlimited resource
Symmetric Firms: Loss of Profit
Figure 2: Maximum profit loss for free competition under extremely limited resource
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3. When the constraint is active for the Oligopoly problem but inactive for the Monopoly
problem, the maximum loss of profit for the set of Oligopoly equilibria lies between the
unconstrained bound in case 1 and the constrained bound in case 2.
Figure 1 plots the profit loss (= 1 - r(rP) ) for the Oligopoly equilibrium in the un-ri(MP)liooyeulbimithun
constrained case for r = 0.1,0.3,0.6 and 0.95, respectively. Figure 2 plots the profit loss
for the worst Oligopoly equilibrium in the extremely constrained case (i.e., C = 5 ) for
r = 0.2, 0.4, 0.6 and 0.8, respectively (refer to the next section for observations and discus-
sions of the figures).
Theorem 4.2 For symmetric firms competing under one joint capacity constraint, the loss
of total surplus for the worst Oligopoly Equilibrium compared with the SMAX solution is no
more than 25%:
1. When the capacity constraint is not active for both the Oligopoly problem and the SMAX
problem (i.e., C > PO), then
TS(OP) (1 1 + -2 3
TS(SMAX) r 22n 1 2 2 1 - 4,
Tightness of 25% is achieved when firms are independent (i.e., r -+ 0);
2. When the constraint is active for both problems (i.e., C < P0 ), then
1 1
I1 , kn when P < P0
TS(OP) > for k 1, 2,...n - 1 >
1 when c < J
Fn 1)7T1
Similar to the previous theorem, when C P _, __ , k 1,2,...n -1,
k k+1
tightness of the bound is achieved when C P ' . When C ( 0 1 , tightness of
the bound is achieved when C = P.
The maximum loss of 25% is achieved when the market consists of numerous indepen-
dent firms (i.e., r -+ 0,n - oo).
Symmetric Firms: Loss of Total Surplus
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Figure 3: Maximum loss of total surplus for free competition under extremely limited re-
source
3. The loss of total surplus when the constraint is active for the SMAX problem but not
for the Oligopoly problem lies above the unconstrained bound in case 1.
Figure 3 plots the maximum loss of total surplus (= 1 ) in the extremely con-
strained case (i.e., C -0) for different market powers.
Under the assumption of symmetric firms, the worst Oligopoly equilibrium in terms of
profit is also the worst in terms of total surplus. For a given capacity level C E (+ +
the worst equilibrium can be characterized analytically as
po-c' Vi = 1, 2.
di' c - k1"-"' i = k + 12#3-a
0 Vi = k + 2 n,...,n
(refer to Appendix B for a proof). Figure 4 compares the profit loss of the constructed worst
equilibrium with randomly generated equilibria when C < 20-
It is also interesting to notice that although the maximum profit (and total surplus) loss
on each interval of C increases as k decreases (C E , ), monotonicity does
a+ Qk+s
20%
15%
10%
5%
0 %
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Figure 4: Comparison between Oligopoly Equilibrium
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Figure 5: Profit loss for the worst equilibrium
not hold within each interval except when C C 0, . Hence the loss of profit for the
worst Oligopoly equilibrium is not a simple monotonic function of the capacity. Figure 5
demonstrates this observation by plotting the profit loss for the worst Oligopoly equilibrium
as a function of capacity when n = 10 and r = 0.1.
Theorem 4.3 When the capacity constraint is active for the SMAX, Monopoly and Oligopoly
problem, then the Normalized Nash Equilibrium is the best Oligopoly equilibrium, that is, it
achieves the maximum possible profit and total surplus:
TS(NNE) U1 and (NNE) 1
TS(SMAX) nl(MP)
Proof The theorem follows since dSMAX = dMP = dNNE
active. *
when the constraint is
0.6 0.7 0.8 0.9 1
4.3 Discussion
4.3.1 Quantity and price comparison
In the absence of constraints, free competition results in underproduction from a social per-
spective, and overproduction from a Monopoly perspective: ds"1 ^MAX > do' > dMP. Since the
market is symmetric, each firm is allocated the same amount of resources at equilibrium. As
the constraint becomes restrictive, the equilibrium strategy for free competition is no longer
unique. Among the set of equilibrium strategies, only the Normalized Nash-Equilibrium
retains uniform allocation of resources.
When the constraint is active, the total quantity of product sold in the market is constant.
Hence the profit of firms depends on the average market price:
n
[1(d) = dip(d) = Cp,
where ~~ p j, Zdipi(d) i h
where p = , is the average market price.
Since firms are symmetric and the price is a decreasing function of the quantity, the
average market price is maximized when each firm sells an equal portion of the total quantity:
C. The average market price is minimized when all the products are sold through a single
firm.
As a result, in terms of profit, the Normalized Nash-equilibrium is the best equilibrium
which coincides with the Monopoly solution, and the worst equilibrium is the one with the
least number of producing firms.
However, from the consumer's perspective, they would prefer to purchase from fewer
firms with lower price. Hence the worst equilibrium in terms of profit is actually the best in
terms of consumer surplus.
The SMAX problem is a trade off between the firms' preference for higher market price
and the consumers' preference for lower market price. The optimal solution (which coincides
with the Monopoly solution) indicates that the loss of company profit that resulted from
lower market price is far more significant than the surplus gained by consumers.
4.3.2 Loss of profit and surplus for the worst Oligopoly equilibrium
With unlimited resources, the equilibrium strategy for free competition is unique and results
in a maximum total surplus loss of 25% (when firms are independent from each other).
However, there is no constant upper bound for the profit loss. As suggested by Theorem 4.1,
the loss of profit magnifies as the number of firms increases and competition intensifies. In
particular, as competition intensifies, the profit loss becomes more sensitive to the increase
in n (see Figure 1). In case of fierce competition (i.e., r close to 1), the profit loss is 12% in
a duopoly competition and increases rapidly to 67% when 10 firms compete in the market.
As resources become more scarce, free competition yields multiple equilibrium strategies.
For a given capacity, the worst equilibrium in terms of both total surplus and profit is the one
with the least number of producing firms. Compared with the optimal strategy (where every
firm produces the same quantity), this solution is least efficient (25% loss in total surplus
and 50% loss in profit) when the market consists of numerous independent firms (see Figure
2 and Figure 3 for the loss in profit and total surplus in the constrained case, respectively).
In order to understand how the efficiency of free competition is affected by the presence
of a joint constraint, we compare the loss of profit and total surplus for the worst equilibrium
in the constrained case with the unique equilibrium in the unconstrained case:
Figure 6 compares the percentage loss in profit. For fixed n, the blue line plots the profit
loss of the worst Oligopoly equilibrium in the constrained case (when k = 1) as a function of
the market power r while the green line represents the profit loss for the unique equilibrium
in the unconstrained case. Given fixed r and n, the loss of profit for the worst equilibrium
in the constrained case is generally greater than the unconstrained equilibrium. However, it
is interesting to notice that this relationship is reversed when r -a 1, indicating that in an
extremely competitive market, competition under limited resources is always more efficient
(in terms of achieved profit) than competition under unlimited resources.
Figure 7 demonstrates a similar comparison for the loss in total surplus. While the loss
of total surplus for the worst equilibrium in the constrained case is generally greater than
the unconstrained equilibrium, when the number of firms is small, competition under limited
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Figure 6: Effect of Joint Constraint:Loss of Profit
resources is always more efficient (in terms of total social surplus) regardless of the intensity
of competition.
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5 Many Firms with Symmetric Price Potential
5.1 Assumptions and Closed-form Solutions
In this chapter, we relax the assumption of symmetric firms imposed in chapter 4 to consider
firms with only symmetric price potentials: p = Bd = epo, for some po > 0.
5.1.1 Closed-Form Solutions
The closed-form solutions for the SMAX, Monopoly and Normalized Nash Equilibrium are
given by
dSMAX =min {poBle, C B e
eTB-le
dMP - min B 0 -' eTBle B-e
dNNE = n po(B+)~-le, C \(B+)-le
eT(B + F)-e
(Refer to Appendix C.1 for a proof.)
5.2 Bounds for Loss of Efficiency
Theorem 5.1 When the joint constraint is active and the price potentials are symmetric
across firms, the loss of total surplus for the Normalized Nash-Equilibrium compared with
the SMAX solutions is no more than 25%:
TS(NNE) 2 2 3(2 r)2 3
TS(SMAX) - 3 3(2+r(n-1))'8 1-r -4
The first bound dominates when n is small while the second bound dominates when n is large.
Tightness of the bound is achieved when r = 0.
Figures 8, 9 and 10 compare the derived lower bound of the ratio TS(NNE) using simulation.TS(SMAX)usnsiuao.
Here the simulation result represents the smallest ratio TS(NNE) of 1000 randomly generated
scenarios with fixed n and r (Refer to the next section for observations and discussions of
the figures).
Theorem 5.2 When the joint constraint is active and the price potentials are symmetric
across firms, then the loss of company profit for the Normalized Nash-Equilibrium compared
with the Monopoly solution is no more than 33.3%:
H(NNE)> 2 2 6  332 2
H(MP) - 4 3
where 2 - r < 6 < 2. Tightness of the bound is achieved when r = 0.
Figure 11 compares the derived lower bound of the ratio (NNE) using simulation.fl(MP)usnsiuao.
Theorem 5.3 Loss of efficiency for the worst Oligopoly equilibrium in the constrained case
is characterized by:
TS(OP) 3 3 1 3
TS(SMAX) - 4 4 (4BMMeTF-le - 1) 4
H(OP) 1 1 1 1
fl(MP) ~ 2 2 (2 BMM (eTF-l e) - 1) 2
where BMM = max { B}. Tightness for both bounds is achieved when C < P -
5.3 Discussion
5.3.1 Quantity and price comparison
With the assumption of only symmetric price potentials, the SMAX solution still coincides
with the Monopoly solution when the resource available is restrictive. However, the Normal-
ized Nash Equilibrium is no longer the best equilibrium except for 2 special cases:
1. when firms are independent, so that dMP = dNNE
2. when the price influence (matrix B) is uniform, so that the market is fully symmetric
as considered in Chapter 4.
Similar with the symmetric market, while both the Monopoly and SMAX problem tries
to maximize the average market price, the worst Oligopoly Equilibrium is the one that results
in the minimum market price. With symmetric price potentials, the selling price is given by
n
pi(d) = P0 - Z Bij d
j=1
so that the smallest possible market price to sell quantity C is pmin = Po - BMMC, where
BMM = max {Bij}. In this case, all products are sold through firm M. Firm M is the least
efficient firm in the market in the sense that if all firms are to operate in their own niche
market, the market price of firm M's product is not able to match the price of other firms at
a given output level due to possibly inferior quality or other factors that decrease customers'
perceived value for the product.
5.3.2 Upper bounds for loss of efficiency
Although the maximum loss of total surplus is both 25% for the worst Oligopoly Equilbrium
and the Normalized Nash-equilibrium. The worst case senarios are different:
In terms of capacity, the loss of both profit and total surplus for the Normalized Nash-
Equilibrium is a nondecreasing function of the capacity C, that is, the maximum loss of total
surplus happens in the totally unconstrained case and the maximum loss of profit occurs when
the unconstrained Monopoly solution satisfies the capacity constraint exactly. However, the
loss of efficiency is maximized for the worst Oligopoly equilibrium when capacity is extremely
restrictive (i.e., C < 2BM).
In terms of market power, the loss of both total surplus and profit for the Normalized
Nash-Equilibrium is maximized under intense competition (that is, when r -+ 1). In fact,
when r < 0.1, our bounds guarantee a no larger than 3.3% loss in total surplus and a 9.25%
loss in profit (see Figure 8 to Figure 11). Although our bounds are only tight when r = 0,
simulation results exhibit similar trend in the loss of efficiency as an increasing function of r.
On the other hand, for the worst Oligopoy equilibrium, regardless of the number of players
and the market power, maximum losses (25% for total surplus and 50% for profit) occur
when all the rescources are allocated to the firm with significantly larger diagonal entry in
matrix B compared with its compeitors (see the derived bound in Theorem 5.3).
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6 Many Firms with Symmetric Price Influence
6.1 Assumptions and Closed-form Solutions
This chapter considers the case where firms are symmetric in their ability to influence the
market prices:
# a ... a
B =
for # > a> 0;
Unlike the closed-form solutions obtained in previous chapters, there is no guarantee in
this case that the solution is strictly positive. Depending on the variance of the demand
potential d and the capacity C, the closed-from solutions for firms with symmetric price
influences are given by:
Assume that 0 < di d2 ... d.
Define pk = Ei=n-k+1 di and var(k) = L=n-k+1 -- Pk)2, for k = 1,2, .. , n.
iMAX  d ki + foT i = n - ki + 1, .. , n,
0 otherwise,
where ki is the largest integer satisfying in-ki+1 - PIk + > 0.
dd"- k2 + for n - k2 + n,
0 otherwise,
where k2 is the largest integer satisfying d.-k 2 +1--Ik 2 + L 0.
d~NE f (dj~~ 3 ).~ifor i=n-k3 t1,...,nNNE _ (d4 ~~ /k3) k3~ N ,--di
0 otherwise.
where k3 is the largest integer satisfying ' (in-k 3 +1 - Iks) + ( 0.
(Refer to Appendix D for the derivation of these solutions.)
Notice here that 1 < ki < k2 < k3 < n. As suggested by the closed-form solutions above,
the Normalized Nash-Equilibrium always tries to include more firms in the market. This is
consistent with the intuition that when the resource is scarce, more efficient firms will be
given priority in the resource allocation process under both company-wide and society-wide
coordination. The less efficient firms will be forced to quit the market more quickly than in
the decentralized setting. In the case of large variation in the demand potential or restrictive
capacity, ki = k2 = k3 = 1 so that all resources will be allocated to the firm with the highest
demand potential.
For the rest of this Chapter, we will focus on the case when the capacity constraint
is 'reasonably' restrictive. More specifically, we make the following assumptions on the
capacity:
1. The unconstrained solution is infeasible for all three problems: }Zd >C.
2. No firm is forced to quit the market: ki = k2 = k3 = n,
-Cd1 - p, + -- _ 0 =:> C > n(p - d1).
n
As a result, the capacity constraint satisfies jnp, > C > n~pn - d1).
6.2 Bounds on Loss of Efficiency
Theorem 6.1 Under the assumptions described in the previous section, loss of total surplus
for the Normalized Nash-Equilibrium compared with the SMAX solution is characterized by:
TS(NNE) >11 3
TS(SMAX) (2 - 0)2 1+ 3 + (an(n- _0]± 4'
k(k+1) k(k+1)
where = = - -2 E[0, 1), andk =|IlIforIJ=(ji|di< p,). {0 5k <n -1
For each k, tightness of the above bound is achieved when the demand potential satisfies
for i = 1, 2, ...k,
di = C for i= k + 1,...n - 1,
(k+2)C foTr = n.
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Figure 12: Loss of Total Surplus for Normalized Nash-Equilibrium
In addition, the maximum loss of 25% occurs when
1. firms are independent (r = 0); and
2. demand potentials are highly non-uniform across firms (k = n - 1); and
3. the number of firms are extremely large (n -- oc).
In the theorem above, k is defined to be the size of the set I = {iI di < pn . It is a
measure of variation of the demand potential since k = 0 implies that di ;> y, for all i.
Therefore, di = d2 = ... = dn = pn. On the other hand, when k = n - 1, every demand
potential is below the mean pn expect d, suggesting a wider span of the demand potentials.
Figure 12 illustrates the loss of total surplus for the Normalized Nash Equilibrium as an
increasing function of k when n = 50 for r=0.01, 0.5 and 0.95, respectively (Refer to the
next section for observations and discussions of the figures).
Theorem 6.2 The loss of profit for the Normalized Nash-Equilibrium compared with the
Monopoly solution is given by:
H (NNE)> 1  02(1 0)
H(MP) (2 - 6)2 1 + kgk+1) + (4fl(fl"+1) 
- 1)0o
> 1 - 02(10) (when k = n - 1)
- (2 - 6)2 [1 + ;-4 + 30]
1
> 1 - 0.281 (when n oo, 0 2  _)
2
> 0.97,
where 0 and k are the same as defined in Theorem 6.1. For each k, tightness of the bound
is again achieved when the demand potential satisfies
n for i = 1, 2, ... k,
di = C for i = k + 1, ...n -1,
(k+2)C for i = n.
Figure 13 illustrates the loss of profit for the Normalized Nash Equilibrium as an increasing
function of k when n = 1000 and r = 0.9997.
Unlike the loss of total surplus, the loss of profit is not a monotonic function of the market
power. Figure 14 shows the loss of profit as a function of the market power when k = N - 1
for N ranging from 2 to 16.
In the independent case, the Normalized Nash-Equilibrium coincides with the Monopoly
solution. In the case of extremely fierce competition, the percentage loss is also 0 since every
feasible solution results in the same total surplus and profit:
B = 2eeT + (3 - aI -> 2eeT as r -> 1. Therefore,
T 1 1 Ta T 1TS(d) = dTB(d - -d) a $dTeeT(d - -d) = -C(e d - -C), and2 n 2 n 2
H(d) = dTB(d - d)>d T eeT(d - d) = -C(eTd - C),n n
for all d satisfying E d = C.
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Figure 14: Loss of Profit for the Normalized Nash-Equilibrium
Theorem 6.3 When firms collude, the resulting total surplus is no less than the total surplus
achieved under the Normalized Nash-Equilibrium:
< TS(MP) 1 0(4 - 0)(1 - 0)1< <1+-
- TS(NNE) - 43(1-+(n-1)0)(2-) 2 k(k+) +(3-0)(1 -)2'
where 0 and k are the same as defined in Theorem 6.1. For each k, tightness of the above
bound is achieved when the demand potential satisfies
C for i = 1, 2,...k
di = 2C for i = k + 1, ...n -1
(k+2)C for i = n
The minimum ratio of 1 is achieved when firms are independent or engage in intense com-
petition (r -+ 0).
Figure 15 plots the upper bound of the ratio TS(NN) as a function of k for n = 50, and r
varies from 0.01 to 0.99.
Symmetric Price Influence: Comparison between total surplus (N=50)
t- 1.03-
1.02-
1.01
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k
Figure 15: Comparison of total surplus between the Monopoly solution and the Normalized
Nash-Equilibrium
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6.3 Discussion
Compared with the case of symmetric firms discussed in Section 4, the presence of variation
in the demand potential increases the losses of both total surplus and company profit for the
Normalized Nash-Equilibrium. As suggested by the tight bounds established in Theorem 6.1
and Theorem 6.2, the greater the variation, the greater the loss (see Figure 13 and Figure
12). In a market with several independent firms, the Normalized Nash Equilibrium could
lose up to 25% of total surplus compared with the SMAX solution. However, in terms of
company profit, the Normalized Nash-equilibrium remains highly efficient as the loss never
exceeds 3%.
Given a fixed level of variation in the demand potential, the loss of total surplus in-
creases as the level of competition decreases and the number of firms increases. The trend
with respect to the level of competition is different from the symmetric price potential case
considered in Chapter 5, where the loss of total surplus for the Normalized Nash Equilibrium
is maximized when the competition is intense.
The loss of profit as a function of r and n is more complicated: as competition intensifies,
the Normalized Nash-Equilibrium deviates from the coordinated Monopoly solution and the
loss of profit magnifies. After reaching its maximum at certain level of competition depending
on the number of firms, the loss of profit decreases rapidly to zero again since every feasible
solution results in the same profit under intense competition (see Figure 14).
It is also interesting to notice that while Theorem 3.2 suggested that in the absence of
capacity constraints, the Oligopoly equilibrium is always preferred from a social perspective.
In the constrained case however, even though the Monopoly solution no longer coincides with
the SMAX solution (as is true in Chapters 4 and 5), it still guarantees a social surplus no
smaller than the Normalized Nash-equilibrium (see Figure 15). In addition, this superiority
in total surplus becomes more obvious as competition intensifies (except for the extreme case
when r -+ 1).
7 Implications for Reward Allocation Mechanism
In this chapter, we discuss the implications of the results presented in the previous chapters
on the reward allocation mechanism.
" When the subsidiaries are symmetric, the uniform allocation scheme is the optimal
scheme that achieves the maximum possible profit for the company under the com-
mitted energy consumption target. This result holds regardless of the number of
subsidiaries and the intensity of the competition among them. Hence the uniform
allocation scheme is highly preferable in this case given both its operational simplicity
and profitability.
" When only a symmetric price potential of subsidiaries is guaranteed, the profit loss for
the uniform scheme is still small if the level of competition is moderate. The bound
derived in Chapter 5 guarantees no more than 10% loss of profit compared with the
optimal allocation scheme when the market power r < 0.1 and a no more than 33.3%
loss in the worst case senario. However, since the bound we derived is not tight as
competition intensifies, the actual loss of profit for the uniform allocation scheme may
be well below the theoretical bound. This is also suggested by the simulation results.
Nevertheless, as the uniform scheme is no longer optimal in this situation, it is up to
the management to decide whether the operational simplicity of the uniform reward
allocation is significant enough to justify the loss in profit, especially when subsidiaries
compete aggressively with each other.
" Finally, when only the price influences are symmetric, the uniform allocation scheme
is highly desirable as it guarantees a no more than 3% loss of profit compared with the
optimal scheme even in the case of intensive competition.
8 Conclusions
In this thesis, we quantified the loss of efficiency (in terms of total surplus and company
profit) resulted from Cournot Competition under a joint constraint. Since the equilib-
rium strategies are not unique when the joint constraint is active,' we focused on two par-
ticular equilibrium solutions: the worst Oligopoly equilibrium and the Normalized Nash-
Equilibrium. In Chapter 3, we quantified the loss in total surplus in the general uncon-
strained case. For the constrained case, we demonstrated that no constant upper bounds
of efficiency loss exist for the worst Oligopoly equilibrium solution without the assumption
of symmetric price potential. For a market consisting of symmetric firms, we established
tight upper bounds for the efficiency loss of the worst Oligopoly equilibrium as a function of
the number of firms n and the market power r and derived an analytical expression for the
worst Oligopoly equilibrium for all possible ranges of the capacity constraint C. We then
relaxed our assumptions to consider firms with only symmetric potential and only symmetric
price influence, and provided constant upper bounds for the loss of efficiency for both the
Normalized Nash-Equilibrium and the worst Oligopoly equilibrium.
Another focus of this thesis is to propose a decentralized reward-based incentive mech-
anism for companies with many subsidiaries to meet their energy consumption targets. We
demonstrated how this scheme fits in the general model described above. Besides its effec-
tiveness in ensuring compliance, we proved the existence of the optimal reward allocation
scheme that maximizes company profit and derived it explicitly when subsidiaries are sym-
metric. In addition, we discussed the effectiveness of the uniform reward allocation scheme
based on the results derived for the general model.
Two possible extensions to the current model include:
1. Examine the loss of efficiency for the general case without any assumptions on market
characteristics;
2. Extend the current model to incorporate multiple joint constraints.
A Calculations and Proofs for Chapter 3
A.1 Calculations
The KKT conditions of different problems are summarized as follows:
SMAX:
p - BdSMAX - pe + A= 0
eT dSMAX <C
p(c - eTd) = 0
Ajd MAX 0
Ai > 0,p 20, d^SMAX > 0
vi =17 2,11., n
- pe + A = 0
=0
Vi = 1, 2, ...,I n
0, dmP > 0
p - (B + F)dNNE -ue±A=0
eTdNNE <C
p(c - eTd) = 0
AidNNE = 0 Vi=1 2)..., n
Ai O,p > 0,dNNE>O
The set of Oligopoly equilibria satisfy the following Cauchy-Variational Inequality:
(-pi + (B + F)id 0 ') (di - >p) 2 0 Vdi E K(dp)
where K(df) = {dildi + Eni < d,7' = C, di 2 0}.
MP:
p - 2BdMF
eTdMP < c
p(c-eTd)
AjdMP = 0
Ai 2 0, p >
NNE:
A.2 Proofs
Theorem A.1 In the absence of constraint, CS(OP) > CS(MP). Equality is achieved
when firms are indepdent.
Proof In the unconstraint case, dSMAX d p = P d, and d"p = (B + P)-1 Ba( follows
directly from the KKT conditions).
4 Bd"p - BdMP =.B((B + F)~1 B - II)d
2
11B(B + F>
1
'(B - - (B + F ))d
2
~B(B +F)1 B -F) d
>0 >0
> 0
* CS(OP) = 1(dOP)T Bd > j(doP)T BdMP> (MP)T BdMP = CS(MP).
Equality holds when B = F (r = 0). *
Theorem A.2 In the absence of constraint, TS(OP) > TS(MP) = TS(SMAX). Equal-
ity is achieved when firms are indepdent.
Proof
TS(OP) - TS(MP)
Sdo Bd - Bdop) dmp (B - ( IBdmp
2dop + dmpr B(dop - dmp)
(Since dMP = Ia d0 o = (B + F) -Bd)2'
T
B ((B= a-(B +F)'Ba + '
= a
T (I - 1B(B + F)1 B
= IaT B - B(B + F)-'B ((B+
+ F)~'Bd - a
F)1B - I 
= 3 B(B + )-B - B(B + F)-1 B(B + F)-B
2 12
- B + IB(B + )- B a
4 2B F)-B)
-- ± B(B +) B+BBd (BFSaT (2B(B + F)-fB - B(B + F)~B(B + F)- 1 B - 3B) d
-a (B(B -±B(B +± B(B + F)-(B B - B)
2 4
1-T 3-
-- d (B - B(B + r)'Fr + B(B + r) 1 Fr(B + r)> 1 B - -B)d
2 4
> d (B - B(B + F)-lf + B(B + F)-F(B + F)B)a2 4
(since dT Bd > dTrd)
> -d (-r - B(B + rF>1 F + B(B + r)-'r(B + rFf 1 B)d
_2 4
let F xT, and TB(B+ F)-F yT.We have
TS(OP) - TS(MP) > -a ( F - B(B + F)-lf + B(B + F)F(B + F)-B)a2 4
( zT 
- T y + yT y)
(x 
- y)T( x - y)22 2
> 0
(B + IF) 'B - I Ia
Equality holds when B = F and jx = y. I
A.3 Calculations for the Duopoly Case
2 #2 > a > 0
A.3.1 Monopoly Problem
* case 1: (constraint is not tight) dso - 1j
if eTdSO ( 02-a)p1+(#01-a)2 c2(01,32 -a2) -
* case 2: (constraint is tight) dso _
02P1 -aP2
2(31,32)
31P2 -api
2(01#2-a2)
> 0 (by assumption)
2c(#2-a)-P2+Ti1
2(,31+32-20)
2c(#31+3--a )+2
2(#31+02-2a)
2c(#1 - a) - 1+ P2 > 0 and 2c(# 2 - a) - p2 +1 2 0
and
(r32a-oY11 +(,3i -a)2 -2c(01,32-a 2 )
31+#32-20 > 0
* case 3: dso _ c
0
if A= pi -2#1c 2 0 and p2 = Pi - p2 +2c(a - #1) > 0
* case 4: dso _
if A =P2 - 2# 2 c > 0 and p1 P2 - pi 2c(a - 32) 2 0
dso is unique as the above 4 cases are mutually exclusive.
#1a
, #1
A = fi1 - 2ac - 2(#1 - a)di =
A.3.2 Oligopoly Problem
" case 1:(constraint is not tight)
2f21 -QP2
dNE 4# 1 2 -a
2
2#1 P2 -api
4#i#)2-a2
if (2#2-a)P1+(2) 31-a)P2 < c
431#22 -
" case 2:(constraint is tight) dNE satisfies the following condition:
1. di +d 2 = c;
2. -P 1 + 2#1 di + ad2  0; if di > 0
-92 + 2# 2d2 + ad1 < G; if d2 > 0
3. di > 0 and d2 > 0
A.3.3 Normalized Nash Equilibrium
* case 1: dNNE dNEwhen constraint is not tight;
* case 2: (constraint is tight) dso [c(2#32-a)-j52+P12(31+02-a)
2(,31+02-a)
c(23 1 - a) - P1 +P2 > 0 and c(25 2 - a) - P2 +1 > 0
and
A = P1 - ac - (2#1 - a)di - (2/2-a)pl+(2/3+-o)112-c(4,31/2-0 2) > 0
_ 2(,1i+02-a)
* case 3: dso -
if A = Pi - 2# 1c > 0 and P2 =PI - P2 c(a - 2#1) 2 0
* case 4: dso _
C
0
0
c
if A =P2 - 2# 2 c > 0 and pi =2-1+ c(a - 2#2) > 0
1 1 1
TS(d) =d1(pi - -d 1  -ad 2)+ d2(P2 - _02d22 2 2
=d1p1 + d 2p2 - (O1d2 - ad 2d1 + 2d )
with di + d2 = c
1 2 (
2 -P2 - 2 Old 1 + !ac - 2ad1 + 02c - 2/32d1
[1(d) = d1p1 + d2p2 - (O1d! - ad2d1 + /32d2)
B Calculations and proofs for chapter 4
B.1 Calculations
Under the assumption of symmetric market, we have p = poe, and
13
B=
a .. a
The closed-form solutions follow from the KKT conditions presented in Section A.l:
mm { n2(3±(n-1)-)}
dSMX = min 2 P0"-
dMAX 3+(n-1)a
d N E 2+ 1 P0di  m f n 2/3+(n-l)a
1
- ad1 )2
Vi = 1, 27' "' , n.
B.2 Proofs
Theorem B.1 When firms are symmetric,[ + ) + >
( )
TS(NE) 1 + -
TS(SMAX) -
3(1+-)(1+ )+1 4'
nI(n 1(?1
when c> PO
when --- < f
for k =1,2,...n-lI
when c < 5
Proof For d with di = d2 = .... = dn,
1TS(d) = nd(po - 1nad*
2
1
2
ndi(po - '(# + (n - 1)a)di)
2
When c > PO (constraint is not restrictive for the OP problem),
TS(OP)
TS(SMAX)
nd?'(po - !(3 + (n - 1)a)do)
-- nd M AX (po - + (n - 1)a)dSMAX)
3(n-)a 1 +(n-)a2 n -I~a
2# + (n - 1)a 1
1 1
(Since - - 1 +
r n-1 (n-1)a'
1-1 1 1-
,~~~ 1+_+1 2(-1n+
2(1 1+1 (+)+1
(3(1+ + )-2)(1 + ) 3
[2(1 + 1) - 1]2 -4
The minimum of the ratio j is achieved when r = 0.4
When 0 < c < -(constraint is restrictive for the OP problem), we have a set of
equilibrium strategies satisfying
di { < - CYC , di
20 - a'
dop = d 0 < = C
TS(SMAX) = poc - 2 p 
- 2
1 12
Soc - -ac2 (3 - a)c 22 2n
we have
TS(OP)1d NE(fo - E=OP c- ac2- -(13 - a)d E22 2
2 E
1 21
>POC- 
-c2 
- 2
Where d' is the equilibrium with the largest Euclidean norm.
e Case 1: c < 0 (> Po 2,3c)di {= c
0,
i=1;
otherwise.
1
- 2(-a)c2>TS(NE)> poc - 1ac~LAJ\VJII) - P 2
TS(OP) POc - jac2 - - a)c 2
TS(SMAX) -- poc - {ac2 ( _a)c2
2 2n
(1 -I~ )( I)c2
=1 c - jac2 - 1(# - a)c 2
(Since po > 23c)
>1 -
- (2#c)c - jac2 - 1(!-a)c2
1 113an=1 l -(1)
1 1
-(1-n) + 4 
-
1-a n
(Since ) 
1 1
1
3(1 + b)(1 +(n-1)(7 -1)+1
1
>1I- 4+1 ( when r -+1)
S±n-l
3
>-( when n -+ oo)4
Case 2: < c <pc < L for some 1 < k < n - 1. (<4 < c<n -k+1 - 23-a k a+ 20- - a+ 2k31
The worst case Oligopoly Equilibrium in terms of total surplus is given by:
po-a" Vi = 1, 2, ...,I k
21-a
0 VI = k + 2, ... , n
(Because for any E di = c, if there exist index i and j such that di > 0, dj > 0, and
di + dj < "", we can always construct d such that E d2 < E d2 by letting
di + dj
0
dk
k~i
k~j
Vk# i,k# j
di -(d =d, +d --
=di + d -Aid)
= - 2didj
<0
Hence
Poc - lac2 - {{/ - a) (d") 2
Poc - ac2 a)c22 n\
poC - jac2 - 1 (3 - a)(k -2 2 23-a )
poc - jac2 -)c2
(k c - k - )(3
=1 
-
+(c - kP) )
- a)
Poc - ac2 -n (# -a)c2
Let x = P2 3o, we have poc ((2# - a)X + a) c2 ,1 <
TS(OP)
TS(SMAX)
1 1 (kx 2c2-l+ (c - kcx) 2  c)(# -a)
2 ((23 - a)x + a)c 2 - -ac2 (3 - a)c2
=1 - 1 (kx 2 + (1 - kx) 2 - )(p - a)
2 (23 - a)x + a--(#-a)
- 1 kx 2 + (1 - kx) 2
220 x 1O 2 ;Y3-a 2 n
f W)
dk
TS(OP) 
>
TS(SMAX) -
Since
I'(X)=
(2kx -2k(1 - kx)) (27ax+ - - (kx 2 + (1- kx) 2  2,3-a
2
2#-a 1 a 1
O-a 2,3-a 2n
2k ((1 +k)x -1) (2' x+ 1 - I)-(kx2 +(1 -kx )2 12,a
2
21-a 1 a 1
#-al 2-a 2n
22'-a l 1 2#3-a
f - 3-a k 2 -a 2n k 2n 
-a
k 2#--aX 1 a 1
(#-a 2#3-a 2n
2#-a1 a 1 1 23-a
3-a k #-a n n 3-a
2
2#3-aX 1 a _1
#0-a 2#3-a 2n)
2#-al a 1 31 1
#-a k #-a n n n#-a
2
2#-aX + 1 /a 1
#-a 2#3-a 2n
2#3-alI a +1 0
1 -a Tk6-a n}/-a-
2#3-aX 1 a 1
-a 2 3-a n
>0
k + k )2 1 2#3-a
,l1 (k+1)2 + 1-1+k n) 3-a
k+1 2-aX+ Imar
#-a 2#3-a 2n
(1 1) 2#3-a1+k n/ #-a
2#3-a X 1 a 1
#-a 2#3-a 2n)
<0
This suggests that f (x) is maximized at the boundary when x = or . Comparing
the two function values:
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1 (1 - )k 2/3--al+ -/3-a k 2, - n_
k+1 2/-a 1 1 a 1
/-a k+1+2#-a 2n
A B
f( )-f(k)= k n k+
1  n
k k +1 A! +B~ A '+Bk k-tl
- )(Ab 1+B)-( 1 - !)(A +B)
(A1+B)(A1+B)
{-!A + B)(' - 1 )
(A + B)(A 1 + B)
> 0
Hence f(x) is maximized at x . It is interesting to notice that f is not a monoton-
ically decreasing function in x.
TS(OP) 1
~=1--f(x)TS(SMAX) 2
1 11 lf( )
1 1
k n
2/3-a 2 +a I
/3-ak TO-a n
1 1
k~/3ak~3-a n
4 k n1 _1
k a
{ +( ±1) -
1 1
14 1 n
S(n-1)(7-1)k + 1)
+ n-1) + 1 > 4
1 1
1- - k n
when c > P02'0
a +
when ' < c <
for k = 1, 2,...n - 1
, when c <4- 203
Theorem B.2 When firms are symmetric,
T2+ )2 (n+1)2 when c > P
T1 +r
1 when PO <c< PO1-op > I -a 1 2__ cc____ +2f-
r MP) -
< C k +
for k = 1, 2,...n - 1
1- > 2 when c < P
(n -1)(?-1) we
Proof When c ;> P (constraint is not restrictive for the OP problem),
0 + w C
[J(OP)
(MP)
ndp(po - (# + (n - 1)a)dop)
ndmp(po - (#+ (n - 1)a)dmp)
2(# + (n - 1)a) (Po - (# + (n - 1))20(-2/3+(n-1)aa
2# + (n - 1)a !PO
4(# + (n - 1)a)#
(2# + (n - 1)a)2
4(1 +)
r n-1
(2+ 1 )2
r n--1
4n
( when r - 1)(n + 1)2
When 0 < c < a P,. (constraint is restrictive for the OP problem),
fl(OP) = poc - ac2 -(-a) E di
0 Case 1: c 2" (= po > 2#c)
TS(OP) >
TS(SMAX)
0, otherwise.
-+ (OP) > l(d'')
= poc - ac 2 - (# - a)c 2
fl(OP) poc - ac 2 - (3 - a)c 2
H(MP) poc - ac 2 - (# - a)2
=1 ( - a)c2(1 1)
poc -cw 2 - (# - )C
=1 -n#ac(
2#c 2 - ac 2 - ( -a)C
=1 - (# a (1 - )
2#- a-(# - a)Cnn
2/3-a 
_ 1
/-a n
1 - I11
/3a n
1+- n
1-2-
(since a)
* Case 2: < <Pc-"a < for some 1 <k < n -1.
n -k1 -2/3-a k_ _
( O << PO)
a <C2 a a 2/3 -a)
The worst case equilibrium in terms of profit is given by:
Po-"c Vi = 1,27...7k
d' ={ c - kPo-c i = k + 12/3-a
0 Vi = k + 2, ... 6 n
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poc - ac 2 - (# - oz) E (d'")2
poc - ac 2 - -(# - a)c 2
)2poc - ac2 _ z_ )(k f"iooc + (c-kP7)2 )
p oc - ac 2  - )( _ a)c2
(k (k -"a+ c(-k - )(# - a)
1 - ac 2 - (o - a)c 2
Let x= 2-a, , poc = ((2# - a)x + a) c2 , 1 <x<1
H(NE) >1
[I(MP) -
(kx 2c 2 + (c - kcx) 2 C2(c -kn
((2# - a)x + a) c 2 - ac 2
(kX2 + (1 -- kx)2 - )#-a)
=1-(2# 
- a)x - (# - ae)
kx 2 + (1 - kx) 2
=1 
- 2/-a 
_ 1
/-a n
23-a 1 _1 1 2/3-a
\(O-a k n k n /-a
(2p-a 1 -1 )2
,3-a k n
20-a 1 2 2 1 a
3-a k n n n /-a
(2 - 1 a 1 )2
20-a 1 1 2
,O-a k n
[I(OP)
fl(MP)
) - a)
!(# - a)c2-
, k + k )2 1)2-0
k + 1 (2,- -1)2(1- k+1 n 1
I()20-a1)
(2/1-n 1-a
(20- I - 1)2
13-a k-{- n
<0
This suggests that f(x) is maximized at the boundary when x or j. Comparing
the two function values:
2,-a 1- 1
1-a k n
1 (_ -_)
k 1 2#-a 1 1
/3-a k+1
A B
1 ( -) (-)
f() f( ) k n k+1_ nk+1 Al-B A -B
(I !)(A 1 -B)-( - )(Aj-B)
(A!-B)(A 1- B)
.- -)(A ' -B)-( - )(A -B)
(Aj-B1)(A 1- B)
(-!A - B)(1 -- 1
( A' - B)( A - B)
> 0
Hence f(x) is maximized at x =
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r (OP) =1OP -- f(x)
Fi(MP)
>1-f( )
1 1
2#3-a 1_ 1
3-a k n
1 1
-1- kXl 2 _n1
a 1(Since ) (n
1 _1
1- k n 2 1
(n-1)(1-1)k k n
1
> ( when r 0)
n
' 4(1+ i )
(+ 2 (+) when c > 
P
)2 (n+1) 2  - 1
r(OP) 1 11 > , when e <c <_a+2
f(M P) - )k k 2 a 
k-1
for k = 1, 21...n - 1
1 -> , when c <
C Calculations and Proofs for Chapter 5
C.1 Closed-form solutions
The closed-form solutions when p = p0e follows from the KKT conditions presented in
Section A.1 ( B-1p = poB-le)
dSMAX = min poB-le, C B-le
e TB-le
dMP =min {poB-eeTB-leB-le
dNNE m in o(B + F)-e' eT(B F)e(B + F)-le
70
C.2 Bounds for loss of efficiency
Lemma C.1 (1 - r)Fr-e < B-le < FPe
Proof we have { BrjMI - BiMkAi = 1I
BijM 2 - Ekj BikMk = 0
By BM o 1
By the definition of the market power r, we have
rMig
-rMei
(1 - r)Mi
1 - r < (1 - r)MjjBjj
(1-r) 
-
(1 - r)Ple
Vi
Vj 74
2jo M Vi
- jA Mu
SMi - Ej"jMi
< (Mi - EA Mij) Bij
< Mi - Eh Mij
< B-'e
Theorem C.2 When firms have symmetric price potentials,
TS(NNE) (2 2 3 62 3
TS(SMAX) 3 a 3(2+r(n-1))' 86- - 4
where 6 = 2 - r. Tightness is achieved when r 0.
Proof Let
eTB1F4 xT
eT(B + F)-IP = yT
eTFi = zT
=> (x - y)Tz =eT (B-1 - (B + F)-') F-e
=eT(B + F)-' ((B + F)B-' - I) e
=eT(B + F)-'FB'e
=XT
C2 eT(B+F)-1 B(B+r)-'e
TS(NNE) poC - (e T (B+F)-2le)
TS(SMAX) pOC - I C
eT(B+F)- 1B(B+F)-le 1
C (eT(B+r)-le)2 - eTB-le
-1-- 1 C
P-2 eTB-le
C(Since Po > eT)(B )
- eT(B+1')-e
eT(B+F)- 1B(B+r) e 1
C (eT(B+F)-le)2  eTB-le
- 2 C 1 C
eT(B+F)-le 2 eTB-le
eT(B+F)-le-eT(B+F)-lF(B+F)le _
1 (eT(B+F) -- e)2  eTB-le
1 1 12 eT(B+F)-le 2 eTB--le
1 _ eT(B+F)-lr(B+F)~le _
1 eT(B+r)~le (eT(B+F)- le)2  eTB-le
1 1 1
eT(B+F)-le 2 eTB-le
eT(B+F)--1F(B+F)-le +1 1
1 1 (eT(B+r)-le)2  2 eTB-le
1 1 1
eT(B+F)-le 2 eTB-le
2 2 1 + T ZSTz
1 1 yz +2xTz
2 2 1 y 12 xTz
xTz-yTz- xTz 1 yTz
_ 1 1 y z + - -
+lyxz
2 22 x xz
(Let = x~)yTz
1 1(1-j)__-1+_}
2 2 -
3 T2
8 6 1
26
f(6)
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By Lemma 4.1, we have(1 - r)z < x < z.
xTz
yTz
xTy+ yTz
T T
y>z
= T
xy +( -r
> T
f'(5) =
Hence TS(NNE)TS(SMAX)
( 0 since 6 E [1, 2]
> 32_r2 j . The second bound 2 + 2 follows from Id||12
(1 + r(n - 1)) Idlj12 .(See Kluberg and Perakis (2009))
Theorem C.3
H(NNE) > 2
H(MP) -
32 2
-26+ 3-2 >
4 ~3
where 2 - r < 6 < 2.
Proof
( _OC _ 2 e T (B+F)~1 B(B+F)-le
U(NNE)_ (eT(B+F)-1e)2
H(MP) poC - C
2
Po -eTB- 1e
eT(B+F)-1 B(B+F)-le _
1-C (eT(B+F)1e)
2 eTB-e
(Since
P0 - eT 1 ePO eTB-l e
2C
po > eTB-le)
eT(B+F)~1 B(B+F)~e _ 1
(eT(B+F)-e) 2 erB-
l
e
eTB-
1
e
2 e(B + F)- 1B(B + F)-'e eT B-le
(eT(B + F)-je) 2
(- eT (B + F)- 1 e + eT(B + F)- 1F(B + F)-'e) eT B-le
(eT(B + F)-ie) 2
2+ (yTz + yTY) xTz
(yTZ)2
(-yTz + xTy - IxTX) xTz(YTZ)2
(-yTz + xTy - 4xTz) xTz
(yTZ)2
(-yTz + (xTz - yTz) -- xTz) xTz2 + (yTz) 2
(-2yTz + 2xTz) xTz2 +4
(yTz)2
S2 - 26 + 3624
whr2-<<. of(NNE) . f2
where 2 - r < 6 < 2. So r N is minimized when 6 = with a minimum of .
Theorem C.4 TS(sSM) > 3
Proof let iM = argmax4Bi1 , define d' as follows:
d C for k.iM
0 otherwise
TS(OP) > TS(d") = C(po - !BjmumC)
TS(OP)_
TS(SMAX)
C(PO- BiMiMC)
- C(po -2 T Bie)
_ P0 - Biim C
- 1 C
Po - eTB 1e
C BiMim eB 1 e
2 Po - e,1-1
C B.MM->1-- eTB- 1 e
- 22BiumMC-I C
eTBe
=1-- Buugffy-2 2Bimm1
1
= 1 + 3 eB1
4 4 4BmM-I eTBle
33 1
4 44BiMiMeTB-le - 1
3
4
3
4
3
4 4BjMjMe T 1 e - 1
I
Theorem C.5 fl(OP) > 1Hl(MP) - 2
Proof let iM = argmaxiBi, define dw as follows:
- {
F(OP) ;> U(dw) = C(po - BiM1MC)
for k = im
otherwise
HI(OP) C(po - BimmC)
I(MP) 
- C(0 -- B e
Po - BimimC
- 1 - C Bu- er-1
C __" CA- eT B-le
> 1 -C - TB-le
2BimimC - eC e
B1 Bim eTBe
2Bi-M eTB 1 e
=1- + I + e
T
B- 1 e
2 2BMM - Tg 11
1 11
11
2+ 2 2BiMiM (T e - 1
2 +2 2BiMiM (eTp-le) - 1
2
D Calculations and Proofs for Chapter 6
D.1 Closed-form Solutions
Under the assumption of symmetric price influence,
#a ... a
B11
a ... a #
for some 0 < a < p. Consider the KKT conditions for the SMAX problem when the
constraint is restrictive:
-Bd + BdsMAX + ie = e
n _d dS^X = C
~(/3-a)dfSM AX aC±An
_=1 d C
Let PF {i~dM^x > 0} and Pc = { d M AX
For every i E P, dfMAX p 0 and A, = 0,
n nL
SaC + y < (/ - a)d?"^X + aC + p = + (/ - a)d + a E= (/ - a)d + a i
i=1i=
For every j C P, dMAX= 0 and A > 0
n n
aC+ t= A (/ - a) 3 +a di > (13 - a)d3 +a Zdi
i=1 i=1
Hence d, > d. for every i E P and j C PC.
Without loss of generality, assume that di 5 d2  ... d, then P = {ijdsMAX > 0}
{n - ki + 1,n - ki + 2, ... ,n} for some 1 < ki n.
Now consider i C P,
n
(/3-a)dMAX +aC (/3-a)di+a d"
i=1
Summing up all the ki equations,
-a) ( Ep d^ +kl(aC+p) =(/-a)j>pi +k a " di
(/3-a)C+kl(aC+p) = (/-a)ZEAdi+kia Z".
(/3 - a)C + k1(aC + p) =(/ - a)kipk, + kiannt
aC + t ( P - a)p, + anyin - (13-a)C
where Pk -- Zi=n-k+1 di-
1/ n
ds M^X = a # a)Ei + a ji - (aC + p)0
- a)C
a(# - a)j, + a di - ((#3 - a)p-Ik+ any" ki
C
-i - Pk 1 + ki
There exists ki to guarantee that 0 < d + < d <+1 .. -- d X since starting from
k = n, f(k)= dn-k+1-Pk±i is an decreasing function ofkwith f(1) = C > 0. In addition,
ki is the largest integer satisfying dn-k+1 - Pk + > 0 since if we keep on decreasing k, thek
KKT conditions for djyMAX, j E PC will be violated.
Summarizing the discussions above, the optimal solution of the SMAX problem is given
by:
SMAX iMk1 + foT i= n- k1 +1, ... , n
dMA = i k,-k
di 0 otherwise.
ki is the largest integer satisfying dn-k+1 - Pk +!2 > 0.k
The closed-form solutions for the Monopoly problem and the Normalized Nash-Equilibrium
can be derived similarly:
di =k2 + ( for i = n- k2 + 1, ... ,n
0 otherwise.
k2 is the largest integer satisfying i"~- 2+1-11 2 + > 0.
d NE _ d i ks )± fori= n-k 3 + 1, ... , n
0 otherwise.
k3 is the largest integer satisfying (n-k3+1 - k) + k > 0.
In addition, under our assumption of ki = k2= k3 = n, the solutions are given by
dMAX _ t - Pn +
TS(SMAX) (+ + (n - + )aC2 + # - a var(n)
2n 2
TS(MP) (/3 + (n - 1)a)Cyn + (n - 1)aC2 + var(n)2n 8
TS(NNE) =(+ (n - 1)a)Cyn - 3 + (n - 1)aC 2 + (3/ - a)(3 - a)2var(n)2n 2(2/ - a) 2
II(SMAX) = (# + (n - 1)a)CPn - + (n - )aC2
n
II(MP)z= (#+ (n - 1)a)Cyn - 3 + (n -)aC2 + var(n)
II(NNE) =G(# + (n - 1)a)Cyn - # + (n -)aC2 + 2 var(n)n (23-a)
D.2 Bounds for Loss of Efficiency
Theorem D.1 For firms with symmetric price influences, the loss of total surplus for the
Normalized Nash-Equilibrium compared with the SMAX solution is characterized by:
TS(NNE)
TS(SMAX)
1-0
(2 -0)2 1 + 3n + 3n(n-_1)
I k(k+1) (k(k+1)
3
1)0g 4
where 0 = 2 - 1 [I| forI= {idi < pn}. (0 k n-1)
Pro -(-2) of [
Proof
TS(NNE)
TS(SMAX)
(# +(n - 1)a)Cpn 3+(n-l)aC2 + (02 )(3p" var(n)
2n 2(20- var)(/3 + (ni - I) a) Cji- 23±n 1a 2 O(
var(n)( - a) 1 - ___ _
2 (3 + (n - 1)a)Cyn - 0+(nl)"C2 + egavar(n)
2n 2
/32(3 -a)var(nr) 1
2(2 - a) 2 (/ + (n - 1)a)CI - !+(n-1)C2
n 2n
#2 ( - a)var(n) 1
2(2, - a)2 ( + (n - 1)a)C (p - C) + avar(n)
32(3 - a) 1
2(2# - a)2
a+ (n - 1)r) 2 - )2
var(n)2
+ 0 2 var(n)
Under the assumption that jnyp > C n(pn - ch) for i 1, 2, ..., n (discussed in Chapter
6),
n kZ d = ny (A - P = ) (fpn - di) -C
i=1 i1 $ E1 'y
iEI
=> A - pn )2 <P 2 < ( C)q2
ig1 igI
where I = {id <pn} and k= |II.
n
'var(n) i( n )2
i= 1
n n
=((i -n p)2 + ((pn -di)2
141 iEI
(_C)2 + k(-)
n n
- k(k +1)c2
n2
This implies that
X- C (pn - TCn
var(n)
C (pn- 2C)
k(k+ 1) 2
k(k+1)
n
2
3 n
2k(k+1)
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TS(NNE)
TS(SMAX)
#2(# - a)Z1
2(2# - a)2 (p + (n - 1)a)X + 0 "
> 1-
32(# - a) 1
2(23 - a) 2 (# + (n - 1)a) "+) + O
#2(#3 a) 1
(2# - a)2 (3 + (n - 1)a)k( 1) + # - a
1-0
(2 - 0)2 1i + 3n+1 + (3[n$7§1) 
- 1)0]
where 0 =
Theorem D.2 For firms with symmetric price influences, the total surplus of the Monopoly
solution is always above the total surplus of the Normalized Nash-Equilibrium:
1- 0(4 - 0)(1 - 0)
4 3(1 + (n - 1)0)(2 - 0 )2 n+1) -+ (3 - 0)(1 - 0)2
TS(MP) - (/3+ (n - 1)a)Cp- + (n - )aC 3( - a)r(n)2n 8 vrn
TS(NNE) = (/ + (n - 1)a)Cyn -F (n - 1)aC 2 +2n
1 (# - a)var(n)
a(4#
(3/3 - a)(# 
- a)2 var(n)
2(2/3 - a)2
3 4 -(3,3-a)( )(2- )2
8 (+ (n - 1)a)Cpn - /+(n-)C2 - (3 30-2)(" )2 var(n)2n 2(2-a) 2
- a)( -) var (n) 1
8(2/ - a)2
1 a(4# - a)(# - a)
8(2/ - a)2
(/ + (n - 1)a)Cy/- 3+ (n-I)"C2 + (30 )(O- )2 var(n)12n 2(23-a) 2
I C2  
-)(/ + (n - 1)a) C pvr( - 2 (33-)(0
var(n) 2(23-a)2
x
1 < TS(MP) < 1 +
- TS(NNE) -F
Proof
TS(MP)
TS(NNE)
(+ + (n - 1)a)Cyn _ +(n-")aC2 (0-a) var(n)
2n 2(28 2
Since X 2 +1) (shown in the previous theorem),
TS(MP) 
+
TS(NNE) -
a(4# - a)(# - a) 1
8(2# - a) 2  (+ + (n - 1)a) k(k+1) + (33 a)(3a)2
2 k~k~l) 2(2,3-a)2
0(4 - 0)(1 - 0) 1
8(2 - 0)2 (1 + (n - 1)0)3 k + (3-0)(1-0)2
2k(k±1) 2(2-0)2
+ 1 0(4 -0)(1 - 0)
4 3(1 + (n - 1)0)(2 - 0)2  n + (3 - 0)(1 - 0)2k(k+l)
I
Theorem D.3 Loss of profit for the Normalized Nash-Equilibrium compared with the Monopoly
solution is given by:
U(NNE) >
UI(MP) -
02(l-0) 
> 0.98
(2h-1)2 1+ 4nz+1) + "( "+1) 
- 1)0{
where 0 9[ [0, 1), and k = IIl for I = (ildi < pa).l
Proof With jn > C 2 n(pn- d) for i 1, 2, ..., n,
Ul(MP) = (#3 + (n - 1)a)Cy-n -#+ (n - )a c2 + P )var(n)
U(NNE) = (/+ (n - 1)a)Cyn - /+ (n - 1)aC2 + a var(n)
n (2# - a)
I(NNE) ( (n - 1)a)Cpzn - 3+(n-l)C2 + (a r
_(MP)__ (- C (2+a-() 2 var(n)
F1MP) (/ -F (n - 1)a)C/in - 0+(n-1)aC2 -F (/3k var(n)
(2 - a)a2
-1-4(2/3 - a)2
(/ + (n - 1)a) C/p - nC2 _0avar(n) 4
Y
Similar with the previous theorem,
y_ C (pn - Cn
var(n)
>0 (pn - C)
- k(k+ 1)02
k(k+1),"
n
2
( - - )
- k(k+1)
n2
n2
k(k + 1)
(NNE) (# - a)a 2
H(MP) 4(2# - a) 2 (13 + (n - 1)a)Y + 4
> 1 (# - a)a
2
-- 4(2# - aZ)2 (# + (n - 1)Z) "+1 +=>1- 1
(2# - a) 2 (3 + (n - 1)a) 4 + (-a)
1 02(1 - )
(2 - 0)2 [(1 + (n - 1)0) +1) + (1 - 0)]
=2(1 _ )
(2- 9)2 1 + k4"ni + (4" "+ ) - 1)0
where 0 = 7= 7-) E [0,1). *
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